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1. Introduction 

Nonconiniutative geometry^ has made a dramatic appearance in string theory recently^ and has 
made noncommutative gauge theory^ an active field of study. The various aspects of noncommu- 
tative Yang-Mills (NCYM) theory have been extensively studied^'^ and a number of novel phenomena 
discovered^'^'^'^. Of special importance is a certain duality between ultraviolet (UV) and infrared (IR) 
behavior of nonplanar loop diagrams of NC-field theories and in particular NCYM theories, which 
manifests itself in the singularity of amplitudes in two limits of small noncommutativity parameter 9 
and large momentum cutoff A of the theory^. 

Recently Seiberg^ has observed that NCYM theory appears as a manifestation of a matrix model 
and the underlying model forces the coupling of the matter to gauge fields to be in the adjoint 
representation of the noncommutative algebra. But then, it is known that only in the adjoint coupling 
there appear nonplanar diagrams and there is a chance of observing the UV/IR mixing*^. 

Anomalies of NCYM have been studied in a number of papers^'^'^^ and it has been found that for 
the fundamental and anti-fundamental fermion coupling, replacing the usual products by •-products 
will give the anomaly modulo certain subtitles^''. This is because only planar diagrams appear in 
the triangle anomaly for this coupling. This result was also confirmed in the Fujikawa path integral 
method"'^'''"'^^. 

In this paper we study the effect of nonplanar diagrams on anomalies. We will find that nonplanar 
diagrams do not contribute to gauge anomalies. However, global symmetries refiect the unconventional 
behavior of the nonplanar diagrams in the form of a contribution to the global anomaly which involves 
a generalized •-product. 

In the first part of the paper, we will discuss the anomalies in gauge symmetry of the noncommutative 
U(l) and U(N) theories. Since we are interested in the effect of nonplanar integrals on the anomaly, 
the matter fields in both theories are taken to be in the adjoint representation. We will first calculate 
the chiral anomaly for U(l) theory where planar as well as nonplanar diagrams will appear. Both 



contributions to the triangle anomaly vanish. The chiral anomaly of U(N) theory with matter fields in 
the adjoint representation of both gauge group and the noncommutative algebra, is then calculated. 
Here also, planar as well as nonplanar contributions vanish. Hence both theories are free of gauge 
anomaly'^. In the ordinary commutative field theory no anomaly will appear when the group repre- 
sentation is real. In noncommutative the concept of a real representation does not obviously apply, 
since both gauge group and matter field coupling are in the adjoint representation. 

In the second part of the paper, we discuss the global symmetry of the U(l) theory with matter fields 
in fundamental representation. There are three different currents, corresponding to three different local 
change of variables. We will discuss their global and local properties in two different cases of spacelike 
and timelike or lightlike noncommutativity. In a noncommutative theory containing fundamental 
matter fields, the triangle diagrams for the first current include only planar contributions and leads to 
the usual anomaly of the noncommutative U(l), calculated previously "'^'^. The second current exhibits, 
due to the UV/IR mixing^, a finite anomaly arising only from nonplanar diagrams. The result of the 
anomaly contains an unusual form of •-product. These generalized ^-products appeared recently in 
some other works"'^^'"'^'^'"'^^'"'^^. 

2. Chiral Gauge Anomaly, Adjoint Matter Fields 

i) Noncommutative U(l) 

We follow the notation of Ref.^'^ and recall that the noncommutative (NC) gauge theory is characterized 
by the replacement of the familiar product of functions with the ^-product defined by: 



f{x)-kg{x) 



; 2 a«^ acu f (^x + i) g {x + Q 



(2.1) 



?=C=o 



where 9^^ is a real constant antisymmetric background, and reflects the noncommutativity of the 
"^When this study was almost done an article by C. P. Martin^^ appeared, with the same result for U(N) theory 

calculated in a different manner. 



coordinates 

[x^,Xu] =i0^u- (2.2) 

In NC-U(l) gauge theory the matter fields can couple to gauge fields in fundamental, anti-fundamen- 
tal, or adjoint representation. The fundamental and anti-fundamental covariant derivatives are given 

by 

D^ijjL (x) = d^ipL (x) + ig A^ (x) -k tp^ (x) , and D^ip (x) = d^ipL (x) - igipL (x) • A^ (x) , (2.3) 

respectively. In the adjoint representation, it is defined by 

Df,4^L [x] = d^tpL (x) + ig[Af, (x) , i^L (x)]^. (2.4) 

Here, the left-handed fermions are given by tpL = P+i^ with P+ = 2 (^ + 75) ^^'^ V'l = tpP- with 
P_ = 2 (1 — 75). Using these notations the corresponding fermionic action for NC-U(l) with matter 
field in the adjoint representation is given by: 

SF[i^, ^\= j d^xjiV^, (x) * a^V/3 {x) - 5?„ (x) * [A^ (x) , ^p (x) ],| (7^^+)"^ . (2.5) 

This action is invariant under the following local •-gauge transformations 

'^{x)-^^' {x) = U{x)-k^{x)i.U-^{x), ilj{x)-^ip' {x) = U{x)-k'4){x)-kU-^{x), (2.6) 
and 



A'^ (x) = U{x)i. A^ (x) * U-^ (x) - -U (x) • d^U-^ (x) . (2.7) 



9 

Here, U (x) = ( e*^"*-^) 1 and a (x) is an arbitrary function. The local current corresponding to the 
above action is given by: 

J^ (x) = -i {-/^,P+f^ llpa {x),i)p (x) 

where {V'^ {x) , V'/3 (x)}* = ^^ {x) • V/3 {x) + ^p (x) * Va (^)- 



To study the gauge invariance and to determine the chiral anomaly we consider the three-point 
function 



r^Ai. (x, y, z) = (t (Jf, (x) Jx (y) Ju (z)) \ . 



(2.9) 



Contracting the fermionic fields gives two types of triangle diagrams [See Fig. 1] . The corresponding 
Feynman integrals are given by: 



^t^Xu{x,y,z) 



d k2 d k3 d i i(k2+kz)x ik2yJk3Z 



e ""e 



(27r)^ {2^f (27r)^ 
Tr (d-^ {£ - h) j^P+D-' {£ + ^2) ^xD'^ {£) 7, 



Faii) + [ik2,X)^ih,i^)]Fb{i) , 



(2.10) 



where for massless fermions D (i) = /. The phase factors are 



Faii) 



+e 



J k'iXkii 



-i k2y.kz 



1 _ g2i£xfc3 _ g2J£xfc2 _)_ g2i£x(fc3+fc2) 



l + e 



-2itxkz _L -2Uy.k2 _ -2itx(k2+k3) 



(2.11a) 



and 



Fl, (i) = -Fa (i ^ -i) . 



(2.11b) 



Here p x q = i^^^r^aP^q'^ . Going through standard algebraic manipulations shows that the local gauge 
invariance is intact despite the appearance of nonplanar integrals. 

To determine the chiral anomaly of d^T^xui we use dimensional regularization. Recall that in 
the dimensional regularization, 75 is defined so that it anticommutes with 7^'s for /x = 0,1,2,3 
but commutes with them for other values of /i, and that the loop momenta have components in all 
dimensions, whereas the external momenta /c2 and k^ are only four dimensional. Using i = i\\ + i_L, 
where £11 has nonzero components in dimensions 0, 1, 2, 3 and i± has nonzero components in the other 
-D — 4 dimensions, and the identity 



^2 + ^3) P+ = P-D {I + k2)-D{l- ks) P+ + 75/^, 



(2.12a) 



in the corresponding integrals of diagram A and 



(^2 + ^3) P+ = P-D {£ + ks)-D{£- k2) P+ + 75/x- 



in the Feynman integral corresponding to the diagram B, we arrive at: 



(2.12b) 



5^r 



fk2 (f 

(2vr)' (2vr) 



fiXu * / /f, \4 /o \4 ^ 



^ ^2 d k^ ^^i{k2+kz)x gjfcay gjfegz 



Ai.(fc2,fc3;^)+«Ai.(fc2,fc3;^) 



(2.13a) 



where 



+00 



Axu{k2,k^;e) 






Tr (i?-i {i - fca) 75/±I?"' (^ + ^2) 7a^~' (^) 7.) Fa {£) 



_ (2vr) 

+ [(fe2,A)^(fc3,l/)]F6(^), 



(2.13b) 



and 



Rxu {k2,h;G) 



(2vr) 



D 



Tr (Z)-1 {£ - fcs) P-7Ai^~' (^) lu) - Tr (P+i?-i (^ + ^2) lA^"' (^) 7- 



+ 



Tr (Z)-1 (^ - k2) P-luD-^ (£) 7a) - Tr (P+D-^ {i + fcg) 7.^"' (^) 



7A 



i^6(^) 



(2.13c) 



The contributions of the planar phases to A\y from Eq. (2.13b) vanish, because as we know from 
ordinary commutative U(l) the contributions of both relevant triangle diagrams are equal due to Bose 
symmetry. In the noncommutative U(l), the planar part of A\y are just the same as their commutative 
counterparts, except here these integrals are to be modified with corresponding planar phase factors, 
which can be taken out of the integration. Hence in order to add the contributions of diagrams A 
and B to ^^^^ only the planar phases have to be added together. The planar phase for the diagram 
A turns out to be 2z sin (k2 x /ca) whereas for the diagram B is — 2i sin (/c2 x k-^) [see Eqs. (2.11a) and 
(2.11b)]. Hence the planar contribution of B cancels the planar contribution of A. 

For the nonplanar part the above argument does not go through and the calculation must be 
performed explicitly. After appropriate shift of integration variables and using (2.11b) for nonplanar 
phases, it can be shown that the contribution of diagram A cancels the contribution of diagram B, 



so that the nonplanar part of A\i, vanishes too. Hence, d^T^\y does not receive any anomalous 
contribution from A\i, [Eq. (2.13b)]. 

The contribution of Rxi, can also be shown not to contribute to anomaly. Noncommutative U(l) 
with adjoint matter fields is therefore free of chiral gauge anomaly. 

a) Noncommutative U(N) 

Let us introduce the matter fields in NC-U(N) with the covariant derivative: 

D^^L (x) = d^^L (x) + ig[A^ {x) , ^L {x)l, (2.14) 

where A^ = Af^t"-, "i>L = iplt"- and t", a = 0, • • • N'^ — 1, are the generators of U(N) and -0^ = Pj^if)"- 
and P-|_ = 2 (1 + 75)- It is given explicitly by 

D^^£ ^ d,rL + '-^D-'^iAl^Ll - |c«''^{4,^i},. (2.15) 

Here, we have used the identity 2tH^ = D^H" +iC''H'' , where the D'''"' and (7"^^= are given by {t", t^} = 
jjabc^c g^j^^ [t",t''] = iC°'^H'^. Using the definitions (2.14) and (2.15) of the covariant derivative, the 
fermionic action of this model is given by: 



00 

4„ 



s[i^\r.Ai]= / d'x h'-p+uM 



—00 

'2 



i (V'a {x) • a^V^ (x)) 

(2.16) 



(C^^^V: {X) * {4 (X) , ij'p (X)}, - iD-'^ra (X) * [4 (X) , ^^ (X) 

where Tvlf^t^j = Md""^ is used. This action is invariant under infinitesimal gauge transformations 

5c^ =-ig\^{x),a{x)]^, and (5„* = +^^[0 (x) , 1- (x) ]^, (2.17a) 

and 

(5aA^(x) = -df,a{x) + ig[a (x) , A^ (x) ]^. (2.17b) 

This can be established after a lengthy but straightforward calculation using the Jacobi identities 
given in the Eq. (A.l) [See appendix A]. In this model the local current reads 

Ju(x) = -4l^?(x),^^(x)l (7„,)„.., (2.18a) 



^,{x)^-^l^n{x),^i{x)]^{l,)^p 



where J^ = J^t^. The components of the current read 

r, {x) = ^ (Z^^'-'^IV^ (x) ,^ (x) }, + iC«'"^[V'^ (x) ,?^ (x)],) (7^P+)«" . (2.18b) 

To keep the calculation as short as possible we have used the following form of J" (x): 

r^ (x) = -i {K-'^iiji (x) ,4^1 (x) }, - ^C'^^^V^^ (x) *< (x)) (7^P+)«" , (2.19) 

where K = i (/)'**<= _|_ ^(^a^cj^ Taking the commutative limit ^ ^ in both equation (2.18b) and 
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(2.19) and using the antisymmetry of Grassmann variables ip and V' leads to the usual definition of 
the current: 

with T", T'^^ = iC , as the generators of U(N) in their adjoint representation. 

To study local gauge invariance and to determine the local chiral anomaly for NC-U(N), we consider 
the three-point function 



Ycfm 



ix,y,z) = (T [j;{x)ji{y)j:^{z))^, (2.20) 



where c, fjiri = 0, 1, • • • , A^^ — 1 are U(N) indices. The contribution of diagram A and B, involving 
both planar and nonplanar phases, are given by 



-\cfm 



-r^cTrn I \ 



i(fc2+fc3)x ^k^y^kz-Ar^^ ^jj-1 (^ _ ^^) ^^P^D-^ {I + fea) -fxD~^ {£) 7^) 



A+B 

(27r)^(27r)^(27r)^' 

— OO 

X E [G^J'^hfA W + [(^2, A) - (fes, ^)] E [a^^-l^/l, (^) |, (2.21) 

where the group factors [Q'^/^]j,j = 1, • " " ) 8 and phases /^/^ (^) )i = !> ' ' ' ) 8 are given in Table 1 
and 2. 

Carrying out standard calculations it can be shown that quantum corrections do not affect the 
gauge invariance of noncommutative U(N) with adjoint matter fields. Next we calculate the anomaly 
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of the theory. Going through standard current algebra analysis one can show that the anomalous part 
of d^T^xi, is given by J^xu^ {k2, k^-,0)^ whose planar and nonplanar parts are treated separately. 

Using the Feynman parametrization procedure and the properties of dimensionally regularized 75, 
the planar part of the anomaly reads: 

[^^{,™ {k2, ks; B) ]^i = —^ex,ya(sk2ak3^ 

i k2Xk:i (\rcfmi r/^c/mi A , „-« ^2X^3 ( ipcfmi^ \ncfm 



After some group algebra, it can be shown that the group factors of both diagrams A and B cancel, 
i.e. [^^ ]]^ + [Ob"^]i — 0) ^^'^ [^A J8 ~^ [^B Is ~ ^' Hence the planar part of the chiral anomaly 
vanishes. 

For the nonplanar part of the anomaly, although the Feynman integrals including the nonplanar 
phases are naively convergent for finite values of the noncommutativity parameter 9, they have to be 
dimensionally regularized, as they are IR divergent for small 6. Using 

{(7±)^,7^} = 255^ for ^ = 0,1,2,3, and [ (7^)5 , 75] = 0, (2.23) 

which lead to Tr (75 (7_L)£7A7i^7a) = 0, and after some Dirac algebra we arrive at: 



°o r-, /- TV 



(/-^3)75/^(/ + ^2)7A/7^ 



7 



[-4r(A..^.«)i..pK- - 1^[ v,^,^).|,;,_,^).„q ^ g[g.n/iw 



-00 

7 



+ [(fc2,A) - (fc3,^)]E[^^^V^ W • (2-24) 

j=2 ) 

Next, we use the Feynman parametrization and make the shift i ^ i + Pa with Pa = —k2ai + k^a2 
in the contribution of diagram A and H. ^ i. + P^, with P5 = —Pa in the contribution of diagram B. 
Using the identity /^ {1^—1 + Pa) = /^ (^ + Pb)-, we arrive at expressions of the form 

-2Uxq 



^n^ = I T^TTd 



d^i {^\\),i^^),^~ 



-co 



(2^)^ {f - AY 



and 



, . r^ Mfi;;;!^ „.,, 



As we will show in Appendix A, these integrals vanish for any dimension. The main contribution 
comes therefore from 



.cfm 



A^rik2M,e) 



= 8exual3f^2ak3i3 
n.-pl. 



7 



1 1 — Ql +00 



i=2 



d^£ elfU£ + k2ai-k3a2) 



s ( [sri, + [sru / "en I <ia. / ^ '^^'";;,:;')r''"" . (2.26) 



— CO 



where A = — fcloi (1 — oi) — ^3^2 (1 — 0^2) — 2^2^30102- But, as it turns out, since the fermions 
are taken in the adjoint representation of the U(N) gauge group, the corresponding group factors in 
diagrams A and B cancel, i.e. [^^ ]j + [^^ ]j ~ 0, Vj = 2, • • • , 7. 

Combining this with the previous result, we have shown that planar as well as nonplanar part of 
^aI™ vanish. Hence U(N) chiral gauge theory with adjoint matter fields turns out to be free of chiral 
gauge anomaly. 

In the next section we will discuss the global symmetry and calculate the global anomaly of U(l) 
with a current which express the invariance of the corresponding action with respect to usual global 
symmetry transformation of the theory. 

3. Planar and Nonplanar Contributions to Anomaly in NC-U(l) 

i) Classical Symmetries 

To check the global symmetry and classical current conservation laws for noncommutative U(l), let 
us briefly review the derivation of global currents in commutative gauge theories. 
Consider the action S = J d'^x C (t/j, df^ip ) and a local transformation of fields 

6aip^ = ia {x) T^ {x) . (3.1) 

If the action is not invariant under this local transformation, but is invariant under the corresponding 



global transformations, then its variation will have to be of the form 

5S=- f d\j''{x)df,a{x). (3.2) 

Integrating by part leads to the conservation law 

a^ J^ (x) = 0, (3.3) 

giving ^Q = with Q = J d^x Jo{x). In commutative field theory, there is one such conserved 
current and one constant of motion for each independent infinitesimal symmetry transformation. This 
is the content of the Noether's first theorem. The current J^ can be given explicitly, if the Lagrangian 
density is also invariant under the global symmetry transformation corresponding to (3.1). Then 

did^ip^x)) 
Back to the noncommutative gauge theory, let us first consider the action 

5f[V^,V',v1^] = / d^xUiJaix)-kdf,7pf3{x) - g V'^ (x) * yl^, (x) • V/3 (a^) | il^T'^ , (3.5) 

for massless matter fields in the fundamental representation. The corresponding Lagrangian density 
is invariant under global transformation 

SaiJ = iaip (x) , and Sai/^ = iatfj (x) . (3.6) 

Following the procedure presented above, it is now possible to define three different change of variables 
similar to (3.1) in noncommutative field theory 

/) Satpf3 = itp^ (x) -k a (x) , and Sa^Ps, — ^^^ (^) * V'/3 i^) ) 

//) Saipp = ia (x) • ip^ (x) , and Saips, = i'4'f3 (x) * a (x) , 

III) 6a'>p/3 = -{a (x) , ip^ (x) }^, and 5a^^ = -{a (x) , V'/? (x) }^, (3.7) 

leading to three different vector currents 
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I) J^{X) = -#;3(x)*Va(^)(7Mr^ 



a/3 



II) J'^,{x) = +#^(x)*V/3(a:)(7M) 

///) J\{x) = -l[V.^(x),V^„(x)],(7^)"^ (3.8) 

respectively. Using the equation of motion 

d^i^-f^ = igi^-i'' * A^, and i^S^V' = -«5^m * t'^V'- (3-9) 

which follows from the corresponding Lagrangian to the action (3.5), it is possible to derive the 
following naive Ward identities for both ^^{x) and J' ^{x) 

D^'J^ (x) = 0, and d^'j'^ (x) = 0, (3.10) 

where D^ = d^ + ig[A^ (x) , •]^ is the covariant derivative. The corresponding equation for JT""^ can 
be obtained by combining the above equations and reads: d^J"^ (x) + ^[A^ (x) , J7^ (x) ]^ = 0. 

To determine the local and global charachters of these currents and to define their conserved global 
charges, it is necessary to distinguish the different cases of spacelike and timelike as well as lightlike 
noncommutativity tensor 9^^^: 

In the case of spacelike O^i,, making use of the definition of •-product and assuming trivial boundary 
conditions for /(x) and g{x) we obtain 

Sx f{x)i.g (x) = I Sx g (x) • / (x) . (3.11) 



Using then the relations given in Eq. (3.10), it can be shown that, all the currents from Eq. (3.8) lead 
to the same conserved charge Q, 



Q = j Sx Jo (x) , VJ = J^, J'^, J\. (3.12) 



If, however, only one of the components of ^^O) /^ = 1, 2, 3 is nonzero, the case for timelike or lightlike 
^^jy-tensor, then Eq. (3.2) does not hold anymore. The relation d^J'^ = 0, Eq. (3.10), leads, as 

11 



before, to a conserved charge 

Q' = f J'o{x)d^x, with d^Q' = 0, (3.13) 

which is different from Q of Eq. (3.12). The vector current J'fj,{x) is therefore a local one corresponding 
to a local gauge transformation of the theory described by the fundamental action of Eq. (3.5). It is 
the current which couples to Afj_ in the action. By assuming the usual gauge transformation for the 
gauge fields (2.7) this action will then be gauge invariant under local transformation (/) of Eq. (3.7). 
To complete the list of properties satisfied by different currents of noncommutative field theory, we 
add that the same continuity equation 

J a^ J^ (x) dxe = VJ = J^, J'^, J\, (3.14) 

is valid for any arbitrary noncommutativity tensor 0^,^. This can be shown by integrating equations 
(3.10) over all noncommutative space-time coordinates, i.e. by definition over dxo, and using the 
definition of ^-product. 

Similarly there are three different axial vector currents 

I) JiJ„5{x) = -iV'/? (a;) * ^Q, (x) (7^75)"^ , 

II) J'^,5{x) = +^?„(x)*V/3(x)(7M75)"^ 

III) J\^,{x) = -l[V.^(x),V^,(x)],(7^75)"^ (3.15) 

resulting from the global axial invariance of the action (3.5) with respect to global axial transformation 
daip = ioi'y^ij). They are associated with local transformation similar to those given in Eq. (3.7). 
Similar conservation equations hold also for these axial vector currents. 

The above facts about vector currents are not only valid for the action (3.5), where the matter 
fields in the fundamental representation are considered, they are also true when the matter fields are 
in the anti-fundamental or adjoint representation. 

In Ref.^'^, the global anomaly corresponding to the axial vector current i7'/^,5 was calculated in 
a theory formulated with anti-fundamental matter fields. It was shown that, only planar diagrams 
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contribute to axial anomaly, that could be expressed by the usual commutative anomaly with the 
ordinary products replaced with noncommutative ^-products. 

We will now calculate the anomaly corresponding to the axial vector current jT^^s and i7'^,5, in a 
theory with fundamental matter fields, and find nonplanar contributions. 

ii) Anomaly and Nonplanar Diagrams in NC-U(l) 

Let us consider the theory described by the action (3.5) and its corresponding current ^,5(x). To 
find the quantum corrections to the classical equation satisfied by this current, D^^J'^^^{x) = 0, the 
three-point function 

r^A. {x, y, z) = (t ( J-^,5 (x) Jx (y) X (^)) ^ (3.16) 

has to be considered. The Feynman integrals corresponding to the diagrams of Fig. 1 are given again 
by (2.10), where now P^ has to be replaced by 75. Note that here there appear only planar phase 
factors 

p^^^ik2xk3^ and Fb = e-*'=2xfc3, (3,17) 

After a calculation similar to what which was performed in Ref. ^^, the axial anomaly reads 

(d^J^^^{x)^ = —A_e'"''-PFxuix) * F^^ix). (3.18) 

To obtain this result it is necessary to consider also the contributions of the diagrams shown in Fig. 2. 
Both diagrams turn out to be planar, so that no new effects will occur in this case. To obtain a •-gauge 
invariant result an integration over noncommutative space-time coordinates has to be performed. This 
solution, however, seems to pick up only the zero momentum mode in the Fourier transformed of the 
above result. To obtain all Fourier modes, a straight Wilson line, with a length proportional to the 
noncommutativity parameter 9, must be attached to F^i, operators"*^^. In the expansion of the Wilson 
line in terms of the external gauge field A^, new terms appear which are higher order than those 
of Figs. 1 and 2. This is in contradistinction with the Adler-Bardeen's theorem^^ in commutative 
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non-Abelian gauge theory, which states that no more diagrams than those in Figs. 1 and 2 are needed 
to obtain a gauge invariant result for the anomaly. 

As it was argued before, the noncommutative gauge theory has another conserved axial currents 
J' ^^^- To calculate the quantum corrections consider 

f^A. (x, y, z) = (t (:7V,5 (x) Jx (y) Ju (z)) ^ . (3.19) 

Again the Feynman integrals corresponding to the diagrams of Fig. 1 are given by (2.10), where now 
P-f is replaced by 75. Note that here there appear only nonplanar phase factors depending on the 
integration loop momenta i 

Fa(£) = e*'=2xfc3+2i^x(fc2+fc3)^ and i7^(^) =e-ife2xfc3+2i^x(fc2+fc3)_ (3_20) 

In order to study a possible UV/IR mixing in the nonplanar diagrams we have to go through an 
appropriate regularization scheme. We do both dimensional and Pauli-Villars regularizations. 
Using again the 't Hooft procedure, with 

ih + ^3)75 = -l5D{i + h) - D{i - k2h5 + 275/^, 

in the contribution of diagram (a) Fig. 1 to d^T^x^{x,y,z) and 

ih + ^3)75 = -75^(^ + k2) - D{i - ^3)75 + 275/x, 
in the contribution of diagram (b) Fig. 1 , to obtain 



+00 

a^f = f ^ ^^ ^ ^^ g-i(te+fc3)x ^ik2y ^ikzz 

^ J (27r)^(27r)^ 

—00 



where 

+00 



AxAk2,h;e) + nxAk2,h;0) 



(3.21a) 



Axuik2,h;e) = -2i 



i2nf 

00 



Tr [d-' {£ - h) 7a±D~' (^ + h) IxD-^ (£) 7,) F, (£) 



+ [(fc2,A)^(A:3,z^)]Fb(£), (3.21b) 
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and 



'^Xu{k2,h;0) = 



+ (X) 



+i 






Tr (Z)-1 {£ - feg) 75lxD-^ (i) 7.) + Tr {-f^D-^ {£ + ^2) 7a^"' (^) 7.) 



+ 



Tr 



(Z)-1 (£ - ^2) 757.^"' (i) 7a) + Tr {-f^D-^ {£ + ^3) 7.^"' (i) 7a) 



i^iW 



(3.21c) 



After appropriate shifts of integration variable the rest terms T^ai/ can be shown to vanish. The 
anomalous part of d^T^xu is therefore given by Axu, which consits only of nonplanar part. After a 



straightforward calculation this is given by 

1 1— cti +00 



Axv = -16eAi/Q/3fe2 ^3 / dax \ da2 




d^e el Fb {£ + k2ai - ha2) 



\D 



(3.22) 



(27r)" (£2 + A)=^ 

where A = /c|ai (1 — ai) + k'^a2 (1 — 02) + 2/^2^30102. To perform the ^-integration we use Eqs. (A. 5) 
and (A. 13) [Appendix A], 

' ^" d^i ile^^'^'''^ _ (D-A) T d^i i2^±2iexq 



h = 



(27r)^ {e^ + ^Y D J (27r)^ {^^ + ^) 



\D 



lnA2 



167r2 



£i{q,^) 



1287r2 



^2(^7, A) 



(3.23a) 



where 



00 
£n (q, A) = / — exp 



pA 



' o a 1 



4 P 



(3.23b) 



with q o q = — go-^o-rj^r^g <?§• In order to compare with the cut-off regularization method we have 
replaced the factor D — 4 before the integral on the first line of the Eq. (3.23a) by , , ^ . Note that in 
Eq. (3.23a) the integrals with the phases e"'"2*^^9 or e~2*^X'? yield the same result, because /i is even 
under 6 — > —9. 

The functions £"« {q, A) , n = 1, 2, for large Ae// can be approximated by'^'^^ 



£l{q,A) 

^2(g,A) 



[dp 
/ —exp 


-pA- 


1 1 

Ke.p 


00 
[dp 

y^-p 

n 


-pA- 


1 1 

Ke.p 



A2 

+ ln^ + 0(l) 



A 



Acff.-Aln- 



A2 



cff. 



A 



+ 0{l) 



(3.24) 
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with 



1 Q°q 



Now putting the expression from Eq. (3.23a) in the Eq. (3.22) we arrive at: 

1 l-ai 



(3.25) 



Axuik2,k3;0,A) 



•^oii,li 



vr^ 



£a!/q/3^2^3 / dai I (ia2 COS [k2 x /c3(l — 2qi — 2a2)], 



lnA2 





fci o ki 



£,{k^,A)-^-^£2{ki,A) 



8 



(3.26) 



where ki = {k2 + k^). Replacing then this result in Eq. (3.21a) and using the relation 



{J'^..^{x)) ^^ d^y d^z T^Ux,y,z) A\y) A^ {z) 



we arrive at 



+ 00 



Q^J'^fi{x)) = -^^A.a/3 / ^^ kl Axik2) e-'^^^ [ ^ k^ A,{k3)e-'^^- 



{2^r 



(2vr)^ 



1 l-ai 



/ dai / da2 cos [/c2 x ^3(1 — 2ai — 202)] 

{ki o ki) 



lnA2 



In 







1 




1 


+ 


(k 


ofei) 


A^ 




4 



In A 







1 




1 


+ 


(fc] 


ofei) 


A^ 




4 



Aln. 



1 (fciofci) 



+ AlnA 



A^ 



+ 



(3.27) 



where the integration over y and z is performed and £"4(5, A), i = 1,2 are replaced from Eq. (3.24). 
To discuss the UV/IR mixing effect, let us consider two different limits: 

i) For ^^ ^ > > T7 , the anomaly vanishes due to the factor t—S? ^^ front of the expression on the 
third line of Eq. (3.27). Equivalently, we could first take the limit A ^ cx) (or D ^> A) and then 

ii) Considering the case ^^ ^ << -r^ a finite anomaly arises due to IR singularity. Taking first the 
limit ^ ^ and then A ^ cx) (or D ^ A) shows that there is only one nonvanishing contribution 
from the factor 



lim 



1 



A^oo In A? 



In 



1 

A^ 



1, 



(3.28) 
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on the third line of the Eq. (3.27). All other terms can be neglected due to the small ^-parameter. 
After integrating over ai and 02, we arrive at: 



1 f d% d^ d^A'^{k2) e-^"'^ '^"/^=^ "; ^'^ e-'^^- d^A^ik^^). (3.29) 



'27r2^"'^"^ J (2vr)4 (2vr)^ ^ ^^ ''"" '^ k2 x k^ 

kjoki 1 



-T-«J^ 



Defining now a new (generalized) ^-product 



f{x)^'g{x) ^ fix) l'^'^ ^ g{x) 



f (x) g (x) - ^l-^e^^'^e^^d^dpf (x) d^d^g (x) + • • • , (3.30) 



equation (3.29) may be written in a more compact form as 

{d^J',M^)) = -^^xuap J ^ S ^"^^^(^2) e-^'^'' V e-'^a. Q^A^ik,). (3.31) 

A product of this form appear also in the literature^^'^^'^^. Adding now the contribution of diagrams 
from Fig. 2 we obtain: 

d'J',d^)) = -^^A.„, / ^ ^ ^'"(^2) e-^'^- *' e-^3. ^«/3(fc^). (3.32) 

— I— «X2- 
As we have seen, taking the limit ^ ^ and A ^ 00 do not commute. We conclude therefore that 

the finite anomaly from nonplanar diagrams is due to UV/IR mixing ^. 

In the Pauli-Villars regularization method, introducing the regulator mass M we obtain: 

+00 

J j-cg. M^oo J f 27r) (ztt) 

— 00 

X dai / da2 cos [k2 x ^3(1 - 2(qi + 02))] / -— ^ f/2 _ a \3 ' i^-^^) 
—00 

Here, Am = M"^ — ai(l — ai)^! — 02(1 — 02)^3 — 2aia2k2kz- The I integration can be performed 
using the same manipulations introduced in Appendix A: 



j4^ 2i£xfci 1 /. fc ofe. 
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The Pauli-Villars regulated d^T^xi, from Eq. (3.33) is therefore given by: 



df't^xuix,y,z) 



+°° 74 r.. ^4 






reg. M^<^ vr^ -"'^ J (27r)^ (27r)' 

— oo 
1 1 — 02 



X j dai I (iQ2Cos [/c2 X /c3(l - 2(ai + 02))] dp e ^ ^p , (3.35) 

00 

where for large enough Pauli-Villars mass, Am appearing on the r.h.s. of Eq. (3.34) is replaced by 

M^. Using now the approximation 

00 

dpe" 4p «_ + ^_(_i + 2T,^ + ln ^ ), 



where ^e is the Euler number, in the above equation we arrive at: 



d^fpXu{x,y,z 



1 1—02 



reg. M^<x> 7r2 ^''"'^ 7 (27r)^ (2^)^ ^ ^ 



-00 



J- J- Lt^ / 

X dai / dQ2Cos[A;2 X /c3(l -2(qi +Q2))] -rT2 + ^-— ^(-1 + 27S + ln- 

n n V 



(3.36) 



It is easily seen, that the limits M ^ 00 and ^ — > do not commute. If we take the limit M — > 00 first 

and then ^ ^ the anomaly from nonplanar diagrams vanishes. If we consider the case ^^ ^ << jj^, 

or equivalently take first the limit ^ ^ and then M -^ 00, factor M^ cancels on the r.h.s. of Eq. 

(3.36) and a finite anomaly appears. Then after performing the integration over parameters ai and 

a2 , we arrive at the same result for the anomaly of nonplanar diagrams as calculated by dimensional 

regularization [Eq. (3.29)]. Using the definition of generalized • product, Eq. (3.30), we obtain first 

Eq. (3.31) and finally after considering the contribution from the next higher loop orders (diagrams 

of Fig. 2), we arrive at the result given in Eq. (3.32). 

Note that due to the ^'-product, which is commutative but not associative, the last result from 

Eq. (3.32) is not *-gauge invariant. To obtain a gauge invariant result, it is necessary to connect the 

operators F^^i, to open Wilson-line using an appropriate path ordering^^. 

''The same expression appears also in ^^ and leads to the same *' structure which we have obtained using dimensional 

regularization in the first version of this paper (hep-th/0009233). 
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4. Conclusion 

In this paper we have studied the effect of nonplanar diagrams on the gauge and global anomalies of 
noncommutative gauge theories. In the first part we studied the chiral gauge anomaly of U(l) and 
U(N) theories, with adjoint matter fields and found out, that both theories are free of such anomalies. 

In the second part we studied global symmetries of the U(l) theory with fundamental matter 
field. Here we found a novel result, which can be extended to anti-fundamental and adjoint cases. 
Following the standard methods from commutative field theory, three different vector and axial vector 
currents were derived from three different local change of variables. We have shown that, for spacelike 
noncommutativity tensor 0^,^, all currents expressed the same global symmetry of the action and led 
to the same conserved charge. For timelike or lightlike noncommutativity, however, there was only 
one global vector current J' ^ satisfying the Abelian naive Ward identity d^J'^{x) = 0. The other 
vector current J7^, which is at the same time the current coupled to the gauge field in the action, is 
associated with D^J'^{x) = 0. Both axial vector currents ^^^5 and J^'^^5 were shown to be anomalous. 
Using the result which was obtained in Ref."'^'', we have shown that in a theory containing fundamental 
matter field, the global anomaly of ^^^5 arises from planar diagrams and has the same structure as in 
the commutative case with noncommutative ^-products replacing the usual products. 
The corresponding anomaly to c7'^,5, however, arises from nonplanar diagrams and has a structure 
involving new, generalized ^-product. The finite anomaly from nonplanar diagrams is a consequence 
of the UV/IR mixing'^. ^ Using the same methods, it can easily be shown, that the third current of the 
theory J^" ^,5 is also anomalous. Its anomaly arises from planar and nonplanar digrams and involves 
both -k- as well as •'-products. 

Note that the final results of the anomaly from planar and nonplanar diagrams are not •-gauge 
invariant. To restore the •-gauge invariance, it is necessary to attach both operators Ff^^, and its dual to 
open, straight Wilson lines with a length proportional to the noncommutativity parameter 0.i4,i6,i7,i8_ 



''Recently, our result is also confirmed by Intrilagator and Kumar ^^ in the more general context of string theory. 
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The zeroth order of the expansion of this Wilson hne in orders of external gauge fields, corresponds to 
the results which we have reproduced by perturbative calculation of the diagrams from Figs. 1 and 2. 
Only after considering an infinite number of higher loop diagrams, arising from all higher order terms 
in the expansion of the Wilson lines, a gauge invariant result for the anomaly (from planar as well as 
nonplanar diagrams) can be achieved. This is in contradistinction with Adler-Bardeen's theorem^^ in 
the commutative gauge theories, which states that no more diagrams than those of Figs. 1 and 2 are 
needed to obtain a gauge invariant result for the anomaly of non-Abelian gauge theories. 
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Appendix A 

The Jacobi Identities between the structure constants of U(N) are: 

f-yabd f-ydcm , f-ycadfydbm , f-ybcdfydam r. r^abd r^dcm r^cad j-^dbm f~ibcd^dam r\ 

j~\abd j~\dcm , /^cad/^dbm j~\bcd T-\dam r, /~iabd/~idcm r^cad T-\dbm , T-\bcd j~\daTn r, 

r\abd/^dcm , r\cad /^idbm , j^bcdf-ydam n, f~iabd r^dcm fycad r^dbm , r~d)cd/~idam n 

f^abd j-idcm r\cad/~idbm /~ibcdr~jdam r\ j^abdz-idcm , fycad r^dbm fybcd j-idam n ( A ^^ 

Nonplanar Integrals 

Here we want to evaluate the integrals of the generic forms: 



h = 



(27r)^ (P + Ay 
{2Trf {P + Af 



D /,79 , A\3 ' 

oo 

-oo 



I ^ I AJ_ llh L^ , (A.2) 



— oo 



where q is an arbitrary external momentum and the integrations are over Euclidean integration vari- 
ables. To evaluate the above integrals let us introduce the spherical coordinates in D dimensions. The 
first four components are denoted by ^ii and the other ones by l±. We therefore have: 

4 D-2 

ii=f-Y, ^f = 1^-^11 sin^ ^fc. (A.3) 

i=l fc=3 

Using these notations the integral /i reads 

y jAp fD-2p-2iexq } fD~2 D-2 \ 

^' = / ;1 A^3 / n «i^' (^kdOk - n sin'"-' (^^de^ , (a.4) 

which turns out to be 



oo 



^f -2 D_4 7dH ^2e-2i^xg 



r(D/2) D y (i^ + AY 
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(A.5) 



For I^ and I^^^ use 



D-2 



(^±)g = ^ n sm6'fcCos%_2, for 5 < ^ < i:>, 



(A.6) 



fc=f-i 



and get 



I/: = I "" — ^—3 — ]J sin 6'm COS 6'q,_2 J^ sin'' 9kdek 



I 






D-2 

n 

A;=3 



[Isin'^efe / sm"-2^a_2Cose„_2(i6'«-2 / H sin'^'^^ ^fed^fe. (A.7) 



D-2 



fc=a— 1 



Using / d9a-2 sin" ^a-2 cos 6*^-2 = 0, for a = 5, • • • , D we have /^ = 0. It is simply seen that /^^ = 


for 1 < r? < 4 and 5 < C < -D. 
• For 



d^e £2g-2^£x. 



(27r)^ (i^ + A) 



3' 



(Ai 



using the parametrization 



+ A 



-(^'+^)(i«, 



(A.9) 



we have 



„ +00 „ 
92 f d^i 



'^--^Ml^ >'-' 



Zrjlri - i"^ (ai + 02 + as) - A (cti + 02 + 03) - ig^£^ 



(iai(iQ2da3, 



where ^^ = Oj^^qfj. Performing the -^-integration we obtain 



(A.IO) 



D 



daida2da2 



2{2^f'^l (ai + 02 + 03)^/'+' 



exp 



{iqr^) 



4(qi + 02 + a3) 



+ 



daida2da^ 



A I A \D/2 / / , , \D/2+2 

4(47r) ' { (ai + a2 + a3> ' ^ 



exp 



{iqv 



4(ai + a2 + 03) 



A (qi + 02 + 03) 



A(qi + a2 + 03) 



(A.ll) 



Inserting 



1= /dpJp-^aJ, 



(A.12) 
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on the r.h.s. of (A. 11) and rescaling the Feynnian parameters ai -^ pai for £ = 1,2, 3, we arrive at: 



h 



D 



2(47r) 



dp 



D/2 I pD/2~l 



exp 



q°q 

4p 



Ap 



dp 
4(47r)^/2 7 ^ 



exp 



^ ' 

where q'^ = q o q = —qaOar^GriS. Q£,- This is the result used in Eqs. (3.23a)-(3.23b). 



4p 



Ap 



(A.13) 



Table 1 



Phases 


Group factors 


/A = 


_ gifc2XA;3 


[OTh 


_t_Ty-abcTy-daf jy-bdm _ jy-abc Ty-daf-/~<bdm 

Ty-abcj/^daf r^bdm j/^abc T/'daf r^bdm 

\T^abcj(~idaf j(~ibdm i jftabcr^dafjftbdm 
J^iC^c^C^af j^bdrn _ ^(jabc^fjdaf ^(jbdrn 


/IW = 


- „— iA;2 xfcs— 2jf xfca 


[QTh 


_t_Ty-abcTy-daf jy-bdm _ jy-abc Ty-daf-/~<bdm 


/IW = 


„-ik2Xk-s—2ilx(k2+k3) 


[sTh 


Ty-abcTy-daf jy-bdm , jy-abc jy-daf^r-ibdm 

_l_ Ty-abc-/~<daf ry-bdm Ty-abc-/~<daf-/~<bdm 


/IW = 


-ik2Xk-i—2i£xk2 


\qTv 


,Ty-abcTy-daf jy-bdm _ jy-abcj/^daf jy-bdm 


/IW = 


_ ^+ik2Xk3+2ilxk2 


\qT\^ 


Ty-abcTy-daf jy-bdm , jy-abc jy-dafj/^bdm 

\j(~iabcr^daf T^bdm j(~iabcr^daf j(~ibdm 


m) - 


_ ^+ik2Xk:i+2i£xk3 


\qTm 


_ _-j^abcj^daf j^bdm i j^abcj^Qdaf j^bdm 
^■(jabcj^dafj^bdm _ -(jabc-^daf j^bdm 


fW) - 


_ g+iA:2Xfc3+2i^x(fe2+fc3) 


\qT\i 


,Ty-abcTy-daf jy-bdm _ j/^abcjy-daf jy-bdm 


/I = 


- g-ik2Xk3 


\qTm 


jy-abc f/'daf jy-bdm 
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Table 2 



Phases 


Group factors 


fh - 


_ gifc2Xfc3 


[Q'tV 


jy-abc ry'bdf jy-dam 


fli^) -- 


- ^-ik2Xk-s+2iexk:i 


[Q'th 


jy-abcTy-bdf jy-dam , jy-abcj/^bdf ry-darn 

• j/^abcTybdfjydam j/^abcjf^bdf j^dam 


fli^) -- 


- ^-ik2Xka+2iex{k2+k:i) 


[Q'th 


iiy-abcTy-bdf jy-dam _ j/^abcjy-bdf ry-dam 


/^W = 


„-ik2Xk3+2i£xk2 


[QT\^ 


ry-abcry-bdf Tydam i r^abcr^bdf jftdam 

ij^fjabcj^bd/j^dam _ j^fjabc j^bdf j^Qdam 


/IW = 


_ ^+ik2Xk3~2iexk2 


[Q't]^ 


, Ty-abc Ty-bdf Ty-dam _ j^abcjf^bdf j^dam 


/IW = 


- Q+ik2Xk-i-2itxhi 


[GTh 


= \Ji^abcjt^bdfj^dam _ j^abc j^bdf j^Qdam 


fli^) - 


_ ^+ik2Xk3~2iex(k2+ki) 


[yB J 7 


ry-abcTy-bdf Tydam , j^abcjybdf jf^dam 

,Ty-abcjr~<bdf Ty-dam ryabcj/^bdf jf^dam 


fs - 


_ ^-ik2Xkz 


[Sb h 


tjy-abcTy-bdf jy-dam _ jy-abcjy-bdfj/^dam 

Ty-abcjrfbdf ry-dam jf^abcjybdf Tydam 

\T^abcj(~ibdf jftdam i ; (-tabc rybdf j (~idara 
J^iC^c^C^df j^dam _ ^(jabc^fjbdf ^(jdam 
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7. Figures 
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Figure 1: Triangle Diagrams for the gauge anomaly in the current J^ (x) indicated by the dashed line. 
Each diagram is decorated by a set of planar and nonplanar phases. For U(N) chiral gauge theory 
the currents are to be replaced by Jf; ix) , J^ (y) , and J™ (z). For non-chiral U(l) gauge theory only 
J^ (x) is to be replaced by the anomalous J^^s (x). 
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Figure 2: Higher loop diagrams contributing to anomaly. 
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